Classification of four-point local gluon S-matrices by Chowdhury, Subham Dutta & Gadde, Abhijit
Prepared for submission to JHEP TIFR/TH/20-17
Classification of four-point local gluon S-matrices
Subham Dutta Chowdhury, Abhijit Gadde
Department of Theoretical Physics,
Tata Institute of Fundamental Research, Mumbai 400005, India
E-mail: subham@theory.tifr.res.in, abhijit@theory.tifr.res.in
Abstract: In this paper, we classify four-point local gluon S-matrices in arbitrary dimensions.
This is along the same lines as [1] where four-point local photon S-matrices and graviton S-matrices
were classified. We do the classification explicitly for gauge groups SO(N) and SU(N) for all N
but our method is easily generalizable to other Lie groups. The construction involves combining
not-necessarily-permutation-symmetric four-point S-matrices of photons and those of adjoint scalars
into permutation symmetric four-point gluon S-matrix. We explicitly list both the components of
the construction, i.e permutation symmetric as well as non-symmetric four point S-matrices, for both
the photons as well as the adjoint scalars for arbitrary dimensions and for gauge groups SO(N) and
SU(N) for all N . In this paper, we explicitly list the local Lagrangians that generate the local gluon
S-matrices for D ≥ 9 and present the relevant counting for lower dimensions. Local Lagrangians for
gluon S-matrices in lower dimensions can be written down following the same method. We also express
the Yang-Mills four gluon S-matrix with gluon exchange in terms of our basis structures.
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1 Generalities
Consider a Yang-Mills theory in D dimensions with gauge group G. In this paper, we will take G to be
either SO(N) or SU(N), although generalization to any Lie group is straightforward. We are interested
in classifying the four-point gluon S-matrix. In this section, we will review generalities of the n-point
gluon S-matrix. The n-point gluon scattering amplitude is a function S((i),aµ , p(i)µ ) of polarizations

(i),a
µ and momenta p
(i)
µ .1 Here µ and a is the Lorentz and G-adjoint color index respectively. The
superscript (i) labels each gluon and goes from 1, . . . , n. The S-matrix is homogeneous with degree one
with respect to each of the polarizations 
(i),a
µ . It is defined for when external particles are massless
and momentum is conserved.
(p(i))2 = 0,
∑
i
p(i)µ = 0. (1.1)
The S-matrix is also invariant under certain transformations thanks to the gauge invariance of
the action. The gauge invariance of the action under constant gauge transformation implies that the
S-matrix is a G-singlet under the simultaneous gauge group transformations,
(i),aµ → Rab (i),bµ . (1.2)
The invariance of the action under non-constant gauge transformations implies the invariance of the
S-matrix under under individual
(i),aµ → (i),aµ + p(i)µ ζ(i),a. (1.3)
where ζ(i),as are independent infinitesimal gauge transformations. It is useful to impose this invariance
by thinking of the adjoint valued polarization vector as a product aµ = µ ⊗ τa. The the S-matrix is
invariant under the transformations of the separate variables,
τ (i),a → Rab τ (i),b, (i)µ → (i)µ + p(i)µ ζ(i). (1.4)
Then it is convenient to think of the gluon S-matrix as the sum of products,
S((i),aµ , p(i)µ ) = Sphoton((i),aµ , p(i)µ )Sscalar(τ (i),a) + . . . (1.5)
We recognize each term in the sum as the product of photon S-matrix and the S-matrix of adjoint scalar
particles. The scalar S-matrix is evaluated at zero momentum so it is really just a color structure i.e.
a G-singlet. In addition to being invariant under Lorentz transformations and gauge transformations,
the S-matrix of n identical particles is also invariant the permutation symmetry Sn. In 1.1 we will
discuss imposition of the permutation symmetry on the tensor product structure for the case of n = 4.
1The discussion of gluon scattering amplitudes in D = 4 have a convenient description in terms of the so called
spinor-helicity variables. See [2] for a review of and an extensive list of references on gluon scattering in D = 4. As we
are interested in classifying gluon scattering in arbitrary number of dimensions, it serves use well to stick with the use
of more conventional variables: polarizations and momenta.
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The Lorentz invariant functions of momenta are conveniently parametrized as functions of the so
called Mandelstam variables. For the case of four massless particles these are,
s = −(p1 + p2)2, t = −(p1 + p3)2, u = −(p1 + p4)2. (1.6)
Momentum conservation implies s+ t+u = 0. For n massless particles, the Mandelstam variables are
sij = −(pi + pj)2. (1.7)
Note that sii = 0, sij = sji and
∑
j sij = 0. This makes them n(n− 3)/2 in number. Moreover, they
transform under the following representation under the permutation group Sn.
. . .
(1.8)
At this point, we observe a qualitative difference between n = 4 and n > 4. For n > 4, the above is
a faithful representation of Sn but for n = 4, it has the kernel Z2 × Z2. This Z2 × Z2 is generated
by double transpositions. Defining Pij to be an element of S4 that transposes particles i and j, the
Z2 × Z2 consists of
{1, P12P34, P13P24, P14P23}. (1.9)
The elements P12P34, P13P24 can be taken to be the generators of the two Z2’s. The last entry P14P23
is the product of these generators. The quotient S4/(Z2×Z2) = S3. The S3 permutes particles 2, 3 and
4 and keeps particle 1 fixed. Mandelstam variables do form a faithful representation of the quotient
group S3. This representation is 2M. In terms of the Young diagram,
2M = . (1.10)
See appendix A for review of the basics of S3 representation theory. In this paper, we will be interested
only in the case n = 4.
1.1 Permutation symmetry: Module of quasi-invariants
The local scattering amplitude of four identical gluons is invariant under the permutation S4 of the
external particles. As the Mandelstam variables (s, t) are invariant under the normal subgroup Z2×Z2
of S4, it turns out to be invariant to impose the S4 invariance in two steps. First impose invariance
under Z2 × Z2 and then under the “remnant” permutation group S3 = S4/(Z2 × Z2). We call the
S-matrices that are invariant only under Z2×Z2 subgroup, quasi-invariant. The advantage of imposing
S4 invariance in two steps is that the space of S-matrices obtained after the first step, viz. the space of
quasi-invariant S-matrices is a finite dimensional vector space over the field of functions of (s, t). This
is because Mandelstam variables are quasi-invariant. This space admits an explicit characterization in
terms of its basis vectors. Once we characterize this space, the second step is relatively straightforward.
In this paper, we are interested in the spacial class of S-matrices that we call local S-matrices.
These S-matrices are polynomials in momenta as opposed to being general functions of momenta. As
a result, the space of quasi-invariant local S-matrices is not a vector space but rather a module over
the ring of polynomials of (s, t). A ring has a richer structure compared to a vector space. It can
be described in terms of a generators gi such that all the elements of the module can be written as
a linear combination
∑
i ri · gi where ri are elements of the associated ring. If all the elements of
the ring are represented as such a combination uniquely then the module is a free module and set of
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generators gi is said to generate it freely. If the module is a free module then it is characterized by its
generators gi, if it is not a free module then it is characterized by relations
∑
i ri · gi = 0 along with
the generators gi.
2 Classification of gluon S-matrices is tantamount to characterizing the module of
quasi-invariant S-matrices through generators and relations. The module of quasi-invariant S-matrix
enjoys the action of S3. We will always describe the generators and the relations by decomposing their
space (thought of as a vector space over C) them into irreducible representations of S3.
1.1.1 Partition function
In this paper, it will be convenient for us to enumerate the generators and relations (if present) of all
the quasi-invariant modules while keeping track of their S3 representation and derivative order. This
information can alternatively be encoded in a partition function over local physical i.e. S4 invariant
S-matrices,
ZS−matrix = Trx∂ . (1.11)
where ∂ is the overall momentum homogeneity. As argued in [1], local physical S-matrices are in
one-to-one correspondence with the equivalence classes of quartic Lagrangians. The Lagrangians are
said to be equivalent if their difference either vanishes on-shell or is a total derivative. The partition
function over such equivalence classes of Lagrangians can be computed efficiently using plethystic
integration techniques. For adjoint scalars and gluons, we will do so in section 4. The partition
function thus obtained serves as a check over explicitly construction of generators and relations. In
this section, we establish a dictionary between the S3 representation R and derivative order ∂ of
generators (and relations) of the quasi-invariant module and the partition function over local physical
S-matrices. The S4 invariant projection to get the physical S-matrix can be thought of simply as the
S3 invariant projection because the module elements are defined to be Z2 × Z2 invariant.
Consider a generator |eR〉 of derivative order ∂ transforming in an irreducible representation R of
S3. The S3 invariant local S-matrix is obtained by taking its “dot product” with a polynomial of (s, t)
that also transforms exactly in representation R. Hence the partition function over the S3 projection
of the submodule of |eR〉 is,
ZeR(x) = ZR(x)x
∂ , (1.12)
where ZR(x) is the partition function over polynomials of (s, t) transforming in representation R.
There are only three irreducible representations of S3. The partition functions ZR(x) for all of them
are given in [1]. We reproduce them below.
ZS =
1
(1− x4)(1− x6) , ZM =
x2 + x4
(1− x4)(1− x6) , ZA =
x6
(1− x4)(1− x6) . (1.13)
These expressions have a simple interpretation. The partition function ZS is the partition function
over totally symmetric polynomials of (s, t). They are generated by s2 + t2 + u2 and stu. The S-
matrices from generators transforming in 2M are made by first constructing two generators in 1S and
multiplying them by symmetric polynomials of (s, t). Letting the generators of 2M be |e(i)M〉, i = 1, 2, 3
which transform as naturally as 3 but with the constraint
∑
i|e(i)M〉 = 0 (this constraint gets rid of
1S ∈ 3 leaving us with 2M), these symmetric generators are,
s|e(1)M 〉+ t|e(2)M 〉+ u|e(3)M 〉 and tu|e(1)M 〉+ us|e(2)M 〉+ st|e(3)M 〉. (1.14)
2For complicated modules, one may further need to characterize relations of relations and so on. This description of
a module is called the free resolution. In our case, all the non-free modules will be characterized by only by relations on
generators. The relations themselves will be free i.e. they won’t have any further relations.
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Note that this means that, for purposes of constructing physical S-matrix, a 2M generator with
derivative order ∂ is equivalent to two 1S generators at derivative orders ∂+ 2 and ∂+ 4. This is what
the formula in (1.13) reflects. The S-matrix from generator transforming in 1A is constructed in the
same way i.e. first constructing a symmetric generator and multiplying it by symmetric polynomials
of (s, t). If we take |eA〉 to be the generator in 1A, the associated symmetric generator is,
s2u− u2s+ t2s− s2t+ u2t− t2u |eA〉. (1.15)
Note that this means that a 1A generator with derivative order ∂ is equivalent to a 1S generator at
derivative order ∂ + 6. This is what the formula in (1.13) reflects.
Now, the computation of the partition function over physical S-matrices following from a set of
quasi-invariant generators and relations is clear.
ZS−matrix =
1
(1− x4)(1− x6)
(∑
e∈S
x∂e +
∑
e∈M
(x2 + x4)x∂e +
∑
e∈A
x6 x∂e
)
. (1.16)
Relations contribute to the above sums with a negative sign. However, note that the partition function
when expanded in powers of x must have positive integer coefficients.
1.1.2 Constructing gluon module from photons and adjoint scalars
The modules Mgluon,Mphoton and Mscalar of gluon, photon and adjoint scalar quasi-invariant S-
matrices respectively are the main players of our game. Among these,Mphoton has been characterized
in detail in [1]. In this paper, our goal is to characterizeMgluon. In order to do so we will first charac-
terize Mscalar and use the tensor product structure (1.5) between photon and scalars to characterize
Mgluon. In this section, we will describe how this tensor product works. Before that let us comment
a bit on Mscalar. An important thing to note about this module is that all its generators have 0
derivative order and that they generate the module freely. This is because, the momenta pi appear in
the scalar S-matrix only through Mandelstam variables. This is unlike photon S-matrix where they
can dot with polarization vectors. Hence, the generators of the module must not have any momenta
in them. This argument also holds for relations, if any. Because, the generators and relations both
appear at 0 derivative, the relations can simply be removed from the set of generators. The remain-
ing ones generate Mscalar freely. These generators are nothing but color structures. Sometimes it is
convenient to think of them as forming a vector space Vscalar over C.
From equation (1.5), it is tempting to surmise,
Mgluon =Mphoton ⊗ Vscalar. (1.17)
The tensor product above certainly yields quasi-invariant gluon S-matrices but this is not the whole
moduleMgluon. The quasi-invariant gluon S-matrix could also come from the tensor product of photon
and scalar pieces that are not separately quasi-invariant. Let the module of such gluon S-matrices be
Mnon−inv. The correct description of the gluon module is then,
Mgluon = Minv ⊕Mnon−inv,
Minv ≡ Mphoton ⊗ Vscalar. (1.18)
1.2 Outline
We now describe the outline of the rest of the paper. In section 2 we describe how to assign S3
representation to the non-quasi-invariant states and how to take the tensor product of two such
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representations and project onto quasi-invariant states. This is used in the construction of Mnon−inv
in section 5.2.3. In section 3 we construct formulas for counting the dimension quasi-invariant color
structures i.e. of Vscalar and also for counting of the non-quasi-invariant color structure. We keep
track of the S3 representation in both cases and the results are listed in table 1. In section 4, we
compute the partition function over Mscalar for all dimensions and over Mgluon for all dimensions
and for gauge group G = SO(N) and SU(N). The main results of this section are tabulated in
tables 3 for Mscalar and tables 4, 5, 6, 7 and 8 for Mgluon. The partition function over Mscalar, using
the relation in section 1.1.1, serves as a check for the basis of Vscalar enumerated in section 3 . The
partition function over Mgluon is our main check over the explicit construction of gluon S-matrices
in section 5. In the last section 5, we explicitly construct Mgluon by first constructing the Minv and
then constructing Mnon−inv. In both cases, we first consider the photon part and the scalar part
separately and then take their tensor product. The tensor product also needs to be projected onto
non-quasi-invariant states in the case of Mnon−inv which we do. We obtain an explicit description of
all the local Lagrangians which generate the local gluon S-matrices in asymptotically high dimensions
(i.e D ≥ 9) and for gauge group G = SO(N) and SU(N) for all N . Although we do not list them
explicitly, the gluon S-matrices for the lower dimensions can be similarly worked out. In section 6, we
summarize the results and end with outlook. The paper is supplemented with four appendices.
2 Non-quasi-invariants
Because, Z2 ×Z2 appears as a kernel of a representation, it is a normal subgroup of S4. The quotient
S4/(Z2 ×Z2) is the group S3, alternatively, S4 is the semi-direct product S3 n (Z2 ×Z2). This means
that S3 acts non-trivially on Z2×Z2. This can be seen in the list of elements of Z2×Z2 given in (1.9).
The elements get permuted under S3 i.e. under the permutations of 2, 3, 4. This action lifts to the S3
action on Z2 × Z2 representations.
The Z2 × Z2 is an abelian group. It’s representations are specified by giving the charges under
its generators (P12P34, P13P24). For convenience, we will also denote the charge under their product
P14P23 and label the representation by (P12P34, P13P24, P14P23). There are four irreducible representa-
tions, all of them one-dimensional. They are given be the charges (+,+,+), (+,−,−), (−,+,−) and
(−,−,+). Among these, (+,+,+) is quasi-invariant while the other three are non-quasi-invariant. It
is not difficult to see that the action of S3 relates the non-quasi-invariant representations. This is as
follows.
Let |ψ〉 be a non-invariant representation of Z2×Z2. Let us look at the P12P34 charge of the state
σ|ψ〉 where σ ∈ S3.
P12P34(σ|ψ〉) = σ(σ−1P12P34σ)|ψ〉 = gPσ(1)σ(2)Pσ(3)σ(4)|ψ〉 = Pσ(1)σ(2)Pσ(3)σ(4)(σ|ψ〉). (2.1)
Here σ|i〉 denotes the image of i under the action of σ. If σ = P12 or P34 then Pσ(1)σ(2)Pσ(3)σ(4) = P12P34
and for any other choice of σ, σ|ψ〉 gets its Z2 ×Z2 charges permuted. Now let |ψ1〉 be the state with
charge (+−−). The state |ψ2〉 ≡ P12|ψ1〉 also has the same charges. The 6 dimensional orbit of state
|ψ1〉 under the action of S3 elements splits into two 3 dimensional orbits of |ψ1〉 ± |ψ2〉 respectively.
The orbit of |ψ1〉 + |ψ2〉 forms the representation 3 = 1S + 2M of S3 while the orbit of |ψ1〉 − |ψ2〉
forms the representation 3A = 1A + 2M of S3.
2.1 Tensor product and projection
Let |e(1),(2),(3)〉 be the three terms of the photon S-matrix with Z2×Z2 charges (+−−,−+−,−−+)
respectively. As the S3 representation, it could transform either as 3 or as 3A. Let |f (1),(2),(3)〉 be
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the three color structures of adjoint scalars with Z2 × Z2 charges (+−−,−+−,−−+) respectively.
Again, it could transform either as 3 or as 3A under S3. From these states, quasi-invariant module
generators can be constructed as
|e(1)f (1)〉, |e(2)f (2)〉, |e(3)f (3)〉. (2.2)
Note that these are the only quasi-invariant states in the tensor product of |e(i)〉 and |f (i)〉. The S3
representation that it forms depends on the S3 representation of |e(i)〉 and |f (i)〉. If |e(i)〉 and |f (i)〉
are both 3 or both 3A then the quasi-invariant module generator |e(i)f (i)〉 forms the representation
3. If one of |e(i)〉 and |f (i)〉 is 3 and the other is 3A then |e(i)f (i)〉 forms the representation 3A. This
follows simply by observing that the P12 charge of |e(1)f (1)〉 is the product of P12 charge of |e(1)〉 and
|f (1)〉. We expect the module Mnon−inv to be freely generated by the states of the type |e(i)f (i)〉. It
is a free module because different color structure do not get related after multiplication by the ring
elements i.e. polynomials of the Mandelstam variables (s, t) if they are already not related.
3 Counting colour modules using projectors
In this subsection, we will develop a group theory formula that gives the G-representation in the
quasi-invariant sector as well as non-quasi-invariant sector of the tensor product of four identical G-
representations along with their S3 representations. This is done by constructing a projector over
states with appropriate Z2×Z2 charge. Further projecting this G-representation onto G-singlets gives
the number of quasi-invariant and non-quasi-invariant color structures. This counting serves as a
check over the explicit construction of the color structures.
Before moving to the counting problem of interest, let us quickly review the construction of
symmetric (anti-symmetric) representation in the tensor product of two identical G-representations ρ.
Let |α〉 denote the basis vectors of ρ. The character is
χρ(ai) =
∑
α
〈α|
∏
i
aHii |α〉. (3.1)
In the states in the tensor product of two such representations is |α1, α2〉. The projector onto the
symmetric(anti-symmetric) states is (1±P12)/2. The character of the representation in the symmetric
product is
χS2ρ (∧2ρ)(ai) =
∑
α1α2
〈α1, α2|aHii
1± P12
2
|α1, α2〉,
=
1
2
(∑
α1
〈α1|
∏
i
aHii |α1〉
)(∑
α2
〈α2|
∏
i
aHii |α2〉
)
± 1
2
∑
α1α2
〈α1, α2|aHii |α2, α1〉. (3.2)
Note that
∑
α2
〈α1, α2|aHii |α2, α1〉 =
∑
α2
〈α1|
∏
i a
Hi
i |α2〉〈α2|
∏
i a
Hi
i |α1〉 = 〈α1|
∏
i(a
2
i )
Hi |α1〉. Using
this,
χS2ρ (∧2ρ)(ai) =
1
2
(χρ(ai)
2 ± χρ(a2i )). (3.3)
3.1 Counting of quasi-invariant colour modules
The quasi-invariant i.e. Z2 × Z2 invariant projector is constructed in the same way. On the tensor
product of four copies of representation ρ, the Z2 × Z2 invariant projector is,(1 + P12P34
2
)(1 + P13P24
2
)(1 + P14P23
2
)
=
1
4
(1 + P12P34 + P13P24 + P14P23). (3.4)
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SO(N) nS nM nA
N ≥ 9 2 2 0
N = 8 3 2 0
N = 4 3 3 0
SU(N) nS nM nA
N ≥ 4 2 2 0
N = 3 1 2 0
N = 2 1 1 0
Table 1: The counting of S3 representations of quasi-invariant color structures. The results for SO(N)
with N = 7, 6, 5 are the same as those for N ≥ 9.
In this line, we have used the fact that P 2ij = 1 and (P12P34)(P13P24) = P14P23. The quasi-invariant
part of the tensor product is [3],
ρ⊗4|Z2×Z2 = ρ⊗4 − 3(S2ρ⊗ ∧2ρ). (3.5)
In order to get the number of quasi-invariant color structures we project this G-representation onto
singlets. However, this provides us only with the total number of quasi-invariant color structures and
doesn’t give information about their S3 representations. If the quasi-invariant states consist of nS
number of 1S, nM number of 2M and nA number of 1A. Then
nS + 2nM + nA = ρ
⊗4 − 3(S2ρ⊗ ∧2ρ)|G. (3.6)
In order to count the number of S3 representations separately we need two more equations. They are
obtained as follows.
The quasi-invariant states that transform in 1S are the states that are invariant under the entire
S4. This means
nS = S
4ρ|G. (3.7)
We can also count the number of 1A by constructing a projector onto states that are invariant under
Z2 × Z2 but are antisymmetric under S3. This projector is
(1− P12 − P23 − P13 + P23P12 + P12P23)
6
(1 + P12P34 + P13P24 + P14P23)
4
. (3.8)
From this projector we obtain the G-representation that is in 1A.
nA = (∧2ρ)2 − ∧2ρ⊗ S2ρ− (S2ρ)2 − S4ρ+ 2S3ρ⊗ ρ|G (3.9)
See appendix B for the details of this computation. Using similar techniques one can verify eq (3.5).
From equations (3.6),(3.7) and (3.9), the values of nS, nM and nA can be obtained. We have computed
them for G = SO(N) and G = SU(N) and tabulated the result in table 1. Counting for other Lie
groups is straightforward.
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Note that the counting of the four-point color structures is independent of N for SO(N ≥ 9)
and for SU(N ≥ 4). This can be understood using a variation of the argument presented in [1]
to show that the counting of four-point photon S-matrices for D ≥ 8 is independent of D. Let us
review that argument here. The scattering of four particles takes place in a three dimensional space.
The transverse polarization of the first photon points in the fourth direction. Then the transverse
polarizations of the 2nd, 3rd and 4th photon can generically be taken to point in 5th, 6th and 7th
direction and any additional dimensions simply play the role of the spectator. Hence for D ≥ 8, the
counting of photon S-matrices is independent of D.3 This argument also tells us that the counting of
four-point gluon S-matrices is also independent of D for D ≥ 8.
For scalars transforming in the adjoint (anti-symmetric) representation of SO(N), each scalar
labels a plane in the internal N -dimensional space. Four such planes generically span 8-dimensional
subspace of the N -dimensional space. Any additional transverse dimensions of the internal space are
spectators. Hence the counting is independent of N for SO(N ≥ 9).4 For SU(N) adjoint scalars, the
independence with respect to N for N ≥ 4 can be understood using the fact that four SU(N) matrices
are always independent for N ≥ 4, but for N ≤ 3 the four SU(N) matrices obey relations.
3.2 Counting of non-quasi-invariant color modules
We also count the number of non-quasi-invariant color structures that transforms in 3 (3A) using
an appropriate projector. From the discussion in section 2, it is clear that the number of such
representations is the same as the number of states that has the charges (+ − −) under Z2 × Z2
and are even (odd) under the action of P12. The projector on such states is(1± P12
2
)(1 + P12P34
2
)(1− P13P24
2
)(1− P14P23
2
)
=
(1± P12
2
)1
4
(1 + P12P34 − P13P24 − P14P23).
(3.10)
Again we have used, P 2ij = 1 and (P12P34)(P13P24) = P14P23. The representation of such states in the
tensor product of four copies of representation ρ is,
ρ3 = −S4ρ+ S3ρ⊗ ρ, (3.11)
ρ3A = S
4ρ− S3ρ⊗ ρ+ ∧2ρ⊗ S2ρ.
The computation of this group theory formula is detailed in appendix B. The number of color structures
transforming in 3 (3A) representation is obtained by projecting the above representation onto G-
singlets. The result for G = SO(N) and G = SU(N) is tabulated in 2. Counting for other Lie groups
is straightforward.
In the next section, we will explicitly construct the quasi-invariant and quasi-non-invariant color
structures and check their number against the counting in tables 1 and 2. We will also explicitly
construct non-quasi-invariant photon S-matrices.
4 Counting gluon Lagrangians with plethystics
As emphasized in [1], the space of S-matrices of a theory is isomorphic to the Lagrangians of the theory
modulo equations of motion and total derivative. In this section, we will use plethystic techniques
3In D = 7 a single parity odd S-matrix exists because 7 vectors involved in scattering (4 polarizations and 3 momenta)
can be contracted by a 7 index Levi-Civita tensor but for the same reason, no parity odd S-matrix exists for D ≥ 8.
4In the case of SO(8), the parity odd (in the internal space) structure is present but parity odd structures are absent
for N ≥ 9.
– 8 –
SO(N) n3 n3A
N ≥ 7 0 0
N = 6 0 1
N = 4 1 0
SU(N) n3 n3A
N ≥ 3 0 1
N = 2 0 0
Table 2: The counting of S3 representations of non-quasi-invariant color structures. The results for
SO(N) with N = 5, 3 are the same as those for N ≥ 8.
to derive an integral formula to enumerate Yang-Mills Lagrangians module equations of motion and
total derivatives thereby constructing the partition function over the space of S-matrices. Similar
techniques were used in [4] to compute the partition function on “operator bases” in effective field
theories and were generalized to compute partition function on S-matrices in [5]. They were also used
in [6, 7] to compute the partition function of gauge theories at weak coupling.
As a warm-up we will do this for G-adjoint scalars. From the resulting partition function over
the S-matrices, the number quasi-invariant module generators are read off. This matches the quasi-
invariant color structures counted using a group theory formula in section 3.1 and explicitly written
down in section 5.1.1.
4.1 Scalars
We first evaluate the single letter partition function over the scalar in representation R of a global
symmetry. Later, we will specialize the representation R to adjoint. The space of single letter operators
is spanned by
∂µ1 . . . ∂µlΦ
a, l ≥ 0. (4.1)
The equation of motion is ∂µ∂
µΦa. Here a is the internal index. The single letter index is
is(x, y, z) = Tr x
∂yLii z
Hα
α = χR(z)(1− x2)D(x, y) ≡ χR(z)is(x, y).
D(x, y) =
(D/2∏
i=1
(1− xyi)(1− xy−1i )
)−1
for D even
=
(
(1− x)
bD/2c∏
i=1
(1− xyi)(1− xy−1i )
)−1
for D odd. (4.2)
Here ∂ is the number of derivatives, Li and Hα stand for the Cartan elements of SO(D) and G
respectively. The denominator factor D(x, y) encodes the tower of derivatives on Φ(x) keeping track of
the degree and the charges under the Cartan subgroup of SO(D). The factor χR(z) is the character
of the representation R. We will eventually project onto G-singlets.
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The partition function over four identical scalars, relevant for counting quartic Lagrangians, is
given by,
i(4)s (x, y, z) =
1
24
(
i4s(x, y, z) + 6i
2
s(x, y, z)is(x
2, y2, z2) + 3i2s(x
2, y2, z2)
+ 8is(x, y, z)is(x
3, y3, z3) + 6is(x
4, y4, z4)
)
.
=
1
24
(
i4s(x, y) χ
G
R(z)
4 + 6i2s(x, y)is(x
2, y2) χGR(z)
2χGR(z
2) + 3i2s(x
2, y2) χGR(z
2)2
+ 8is(x, y)is(x
3, y3) χGR(z)χ
G
R(z
3) + 6is(x
4, y4) χGR(z
4)
)
. (4.3)
The Lagrangians that are total derivatives can be removed by dividing by D(x, y). Now to construct
Lorentz invariant and G-invariant Lagrangians we integrate over SO(D) and G with the Haar measure.
IDs (x) :=
∮
dµG
∮
dµSO(D) i
(4)
s (x, y, z)/D(x, y). (4.4)
Here dµG is the Haar measure associated with the group G.
Using this formula the partition function over four-point S-matrix of scalars transforming in
representation R of G in dimension D can be constructed. We will do the integral and tabulate the
result for D ≥ 3 and for G = SO(N) and SU(N). In dimensions D ≥ 3, the partition function
is independent of D, so D can be taken to be large and integral can be performed by saddle point
method. After doing the SO(D) integral in the D →∞ limit,
IDs (x) :=
∮
dµG
(
χGR(z
2)χGR(z)
2
4 (1− x4) +
χGR(z
4)
4 (1− x4) +
χGR(z)
4
24 (x2 − 1)2 +
χGR(z
2)2
8 (x2 − 1)2
+
χGR(z
3)χGR(z)
3 (x4 + x2 + 1)
)
.
For adjoint representation of G = SO(N), the colour integral (4.5) stabilizes for N ≥ 9, while for
adjoint of G = SU(N), it stabilizes for N ≥ 4. For large N , we perform the integral using Large
N techniques outlined in appendix C (see subsection C.1 for SO(N) and subsubsection C.2.1 for
SU(N) large N integrals). The integrals for N < 9 for SO(N) and N < 4 for SU(N) have been done
numerically using the methods outlined in appendix C.1 and C.2.2 respectively. The result of this
integral for the adjoint representation of SO(N) and SU(N) is tabulated in table 3. This counting
agrees with the counting of color structures in table 1.
Note that a complete classification of scalar field primaries transforming in any representation
and with arbitrary number of Φ’s has been carried out using algebraic methods in [8, 9].
4.2 Gluons
The partition function over four-gluon S-matrices is computed in the same way. We first construct
the single letter partition function. This is same as the single letter partition function for photons
multiplied by the adjoint character. Using the single letter photon partition function computed in [],
iv(x, y, z) = Tr x
∂yLii z
Hα
α = χadj(z)(((x− x3)χ − (1− x4))D(x, y) + 1)/x ≡ χadj(z)iv(x, y)
χ =
D/2∑
i=1
(
yi +
1
yi
)
for D even
=
bD/2c∑
i=1
(
yi +
1
yi
)
+ 1 for D odd. (4.5)
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SO(N) scalar partition function
N ≥ 9 (2 + 2x2 + 2x4)D
N = 8 (3 + 2x2 + 2x4)D
N = 4 (3 + 3x2 + 3x4)D
N = 3 (1 + x2 + x4)D
SU(N) scalar partition function
N ≥ 4 (2 + 2x2 + 2x4)D
N = 3 (1 + 2x2 + 2x4)D
N = 2 (1 + x2 + x4)D
Table 3: Partition function over the space of Lagrangians involving four Φa’s that are in the adjoint
of SO(N) and SU(N). This includes both parity even and parity odd Lagrangians. We have defined
D ≡ 1/((1− x4)(1− x6)).
The four particle partition function is,
i(4)v (x, y, z) =
1
24
(
i4v(x, y, z) + 6i
2
v(x, y, z)iv(x
2, y2, z2) + 3i2v(x
2, y2, z2) + 8iv(x, y, z)iv(x
3, y3, z3)
+ 6iv(x
4, y4, z4)
)
=
1
24
(
i4v(x, y) χ
G
R(z) + 6i
2
v(x, y)iv(x
2, y2) χGR(z)
2χGR(z
2) + 3i2v(x
2, y2) χGR(z
2)2
+ 8iv(x, y)iv(x
3, y3) χGR(z)χ
G
R(z
3) + 6iv(x
4, y4) χGR(z
4)
)
. (4.6)
Getting rid of the total derivatives by dividing by D(x, y) and projecting onto singlets of SO(D) and
G by integrating over their Haar measures,
IDv (x) :=
∮
dµG
∮
dµSO(D) i
(4)
v (x, y, z)/D(x, y). (4.7)
We will do the integral and tabulate the result for D ≥ 8 and for G = SO(N) and SU(N). In
dimensions D ≥ 8, the partition function is independent of D, so D can be taken to be large and
integral can be performed by saddle point method. After doing the SO(D) integral in the D → ∞
limit,
IDv (x) =
∮
dµG
(
x8χRa (z
4)
2− 2x4 +
(
x8
(
2x2 + 3
))
χRa (z)
4
12 (x2 − 1)2 +
(
3x8
)
χRa (z
2)2
4 (x2 − 1)2
+
x8χRa (z)
2χRa (z
2)
2− 2x2 +
x10χRa (z)χ
R
a (z
3)
3 (x4 + x2 + 1)
)
. (4.8)
The result of this integral for G = SO(N) and SU(N) is tabulated in 4. We resort to numerical
integration for D ≤ 8 and for SO(N ≤ 8) and SU(N ≤ 3) partition function evaluation. The results
for D = 7, D = 6, D = 5 and D = 4 are presented in tables 5, 6, 7 and 8 respectively. In all the cases,
the contribution of Minv is identified using the explicit construction of Minv in section 5.1. The rest
of the contribution is attributed to Mnon−inv and is underlined.
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SO(N) Gluon partition function
N ≥ 9 2x4(4 + 7x2 + 7x4 + 3x6)D
N = 8 (2x4(5 + 8x2 + 8x4 + 3x6) + x6)D
N = 6 (2x4(4 + 7x2 + 7x4 + 3x6) + x6(x2 + x4 + x6))D
N = 4 (3x4(4 + 7x2 + 7x4 + 3x6) + x6(1 + x2 + x4))D
SU(N) Gluon partition function
N ≥ 4 (2x4(4 + 7x2 + 7x4 + 3x6) + x6(x2 + x4 + x6))D
N = 3 (x4(6 + 11x2 + 12x4 + 6x6) + x6(x2 + x4 + x6))D
N = 2 x4(4 + 7x2 + 7x4 + 3x6)D
Table 4: Partition function over the space of Lagrangians in D ≥ 8 involving four F aαβ’s. Recall
D ≡ 1/((1 − x4)(1 − x6)). Contribution of Mnon−inv is underlined. The rest is the contribution of
Minv. Partition function for SO(5) and SO(7) is the same as that for SO(N) for N ≥ 9.
SO(N) Gluon partition function
N ≥ 9 2x3(1 + 4x+ x2 + 7x3 + x4 + 7x5 + 3x7)D− 2x3
N = 8 x3(3 + 10x+ 2x2 + 17x3 + 2x4 + 16x5 + 6x7)D− 3x3
N = 6 2x3(1 + 4x+ x2 + 7x3 + x4 + 7x5 + 3x7)D− 2x3 + x6(x2 + x4 + x6)D
N = 4 3x3(1 + 4x+ x2 + 7x3 + x4 + 7x5 + 3x7)D− 3x3 + x6(1 + x2 + x4)D
SU(N) Gluon partition function
N ≥ 4 2x3(1 + 4x+ x2 + 7x3 + x4 + 7x5 + 3x7)D− 2x3 + x6(x2 + x4 + x6)D
N = 3 x3(1 + 6x+ 2x2 + 11x3 + 2x4 + 12x5 + 6x7)D− x3 + x6(x2 + x4 + x6)D
N = 2 x3(1 + 4x+ x2 + 7x3 + x4 + 7x5 + 3x7)D− x3
Table 5: Partition function over the space of Lagrangians in D = 7 involving four F aαβ’s. Recall
D ≡ 1/((1 − x4)(1 − x6)). Contribution of Mnon−inv is underlined. The rest is the contribution of
Minv. Partition function for SO(5) and SO(7) is the same as that for SO(N) for N ≥ 9.
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SO(N) Gluon partition function
N ≥ 9 2x4(4 + 7x2 + 8x4 + 4x6 + x8)D
N = 8 x4(10 + 17x2 + 18x4 + 8x6 + 3x8)D
N = 6 2x4(4 + 7x2 + 8x4 + 4x6 + x8)D + x4(1 + x2 + 2x4 + x6 + x8)D
N = 4 3x4(4 + 7x2 + 8x4 + 4x6 + x8)D + x6(2 + 2x2 + 2x4)D
SU(N) Gluon partition function
N ≥ 4 2x4(4 + 7x2 + 8x4 + 4x6 + x8)D + x4(1 + x2 + 2x4 + x6 + x8)D
N = 3 x4(6 + 11x2 + 14x4 + 8x6 + x8)D + x4(1 + x2 + 2x4 + x6 + x8)D
N = 2 x4(4 + 7x2 + 8x4 + 4x6 + x8)D
Table 6: Partition function over the space of Lagrangians in D = 6 involving four F aαβ’s. Recall
D ≡ 1/((1 − x4)(1 − x6)). Contribution of Mnon−inv is underlined. The rest is the contribution of
Minv. Partition function for SO(5) and SO(7) is the same as that for SO(N) for N ≥ 9.
SO(N) Gluon partition function
N ≥ 9 2x4(4 + 7x2 + 7x4 + 3x6)D
N = 8 (2x4(5 + 8x2 + 8x4 + 3x6) + x6)D
N = 6 2x4(4 + 7x2 + 7x4 + 3x6)D + x5(2 + 3x2 + x3 + 3x4 + x5 + x6 + x7)D
N = 4 3x4(4 + 7x2 + 7x4 + 3x6)D + x5(1 + x+ 3x2 + x3 + 3x4 + x5 + 2x6)D
SU(N) Gluon partition function
N ≥ 4 2x4(4 + 7x2 + 7x4 + 3x6)D + x5(2 + 3x2 + x3 + 3x4 + x5 + x6 + x7)D
N = 3 x4(6 + 11x2 + 12x4 + 6x6) + x5(2 + 3x2 + x3 + 3x4 + x5 + x6 + x7)D
N = 2 x4(4 + 7x2 + 7x4 + 3x6)D
Table 7: Partition function over the space of Lagrangians in D = 5 involving four F aαβ’s. Recall
D ≡ 1/((1 − x4)(1 − x6)). Contribution of Mnon−inv is underlined. The rest is the contribution of
Minv. Partition function for SO(5) and SO(7) is the same as that for SO(N) for N ≥ 9.
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SO(N) Gluon partition function
N ≥ 9 2x4(6 + 9x2 + 7x4 + x6 − 2x8)D
N = 8 x4(15 + 23x2 + 15x4 − 4x8)D
N = 6 2x4(6 + 9x2 + 7x4 + x6 − 2x8)D + (x2 + x4 + x6)(x4 + 2x6)D
N = 4 3x4(6 + 9x2 + 7x4 + x6 − 2x8)D + (1 + x2 + x4)(x4 + 2x6)D
SU(N) Gluon partition function
N ≥ 4 2x4(6 + 9x2 + 7x4 + x6 − 2x8)D + (x2 + x4 + x6)(x4 + 2x6)D
N = 3 x4(9 + 13x2 + 13x4 + 4x6 − 4x8)D + (x2 + x4 + x6)(x4 + 2x6)D
N = 2 x4(6 + 9x2 + 7x4 + x6 − 2x8)D
Table 8: Partition function over the space of Lagrangians in D = 4 involving four F aαβ’s. Recall
D ≡ 1/((1 − x4)(1 − x6)). Contribution of Mnon−inv is underlined. The rest is the contribution of
Minv. Partition function for SO(5) and SO(7) is the same as that for SO(N) for N ≥ 9.
5 Explicit description of the gluon module
The gluon module Mgluon is the direct sum of Minv and Mnon−inv. The module Minv is the direct
product of the photon moduleMphoton with the space of color structures Vscalar while moduleMnon−inv
is constructed by taking the tensor product of non-quasi-invariant objects.
5.1 Minv
Let us first focus on Minv = Vscalar ⊗Mphoton. We will describe the pieces of the tensor product
explicitly.
5.1.1 Quasi-invariant scalar color structures i.e. basis of Vscalar
In this subsection we will list all the quasi-invariant color structures for SO(N) and SU(N). Their
number is matched against the results of the table 1 as well as of the table 3.
SO(N)
N ≥ 9
For N ≥ 9, there are two quasi-invariant color structures χ3,1 and χ3,2 both transforming under 3.
χ
(1)
3,1 = Tr(Φ1Φ2)Tr(Φ3Φ4)
χ
(1)
3,2 = Tr(Φ1Φ2Φ3Φ4). (5.1)
Both the structures are automatically symmetric under Z2 × Z2.
N = 8
For N = 8 there is an additional structure that transforms under 1S .
χ
SO(8)
S = Φ1 ∧ Φ2 ∧ Φ3 ∧ Φ4. (5.2)
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where ∧ is taken in the space of SO(8) vector indices. This structure is automatically symmetric
under Z2 × Z2.
N = 7, 6, 5
For these values of N , the quasi-invariant color structures are the same as for N ≥ 9.
N = 4
For SO(4) there is an additional color structure χ
SO(4)
3 that transforms in 3 compared to the structures
in N ≥ 9.
χ
SO(4),(1)
3 = Φ1 ∧ Φ2Tr(Φ3Φ4)|Z2×Z2 . (5.3)
Note that this generator is not automatically Z2×Z2 symmetric and requires explicit symmetrization.
The counting of the quasi-invariant structures for G = SO(N) indeed matches with the counting
in tables 1 and 3.
SU(N)
N ≥ 4
For N ≥ 4, there are two quasi-invariant color structures ξ3,1 and ξ3,2 both transforming under 3.
ξ
(1)
3,1 = Tr(Φ1Φ2)Tr(Φ3Φ4)
ξ
(1)
3,2 = Tr(Φ1Φ2Φ3Φ4)|Z2×Z2 . (5.4)
Here the first structure is automatically symmetric under Z2×Z2 while the second one requires explicit
symmetrization.
N = 3
Compared to N ≥ 4, the case of N = 3 has one less generator. This is due to the special Jacobi
relation of SU(3),
dabfdcdf + dacfdbdf + dadfdbcf =
1
3
(δabδcd + δacδbd + δadδbc)) (5.5)
This relates the 1S parts of ξ3,1 and ξ3,2.
N = 2
For SU(2) the structures ξ3,1 and ξ3,2 are the same. This means there is only one quasi-invariant
structure, say ξ3,1. This is automatically Z2 × Z2 invariant.
The counting of the quasi-invariant structures for G = SU(N) indeed matches with the counting
in tables 1 and 3.
5.1.2 Photon module
In this subsection we will summarize the results of [1] about the photon module in various dimensions.
The photon module Mphoton is any dimension is a direct sum of parity even module and parity odd
module. The parity even module is generated freely for D ≥ 5 by the same set of generators. For
D = 4, it gets relations. The parity odd module appears for D ≤ 7 and depends crucially on dimension.
We will first describe the parity even module and then the parity odd module.
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Parity even
D ≥ 5
In D ≥ 5, the photon module is generated freely by the generators E3,1, E3,2 which transform in 3
and ES which transforms in 1S.
5
E
(1)
3,1 = 8Tr(F1F2)Tr(F3F4), E
(2)
3,1 = 8Tr(F1F3)Tr(F2F4), E
(3)
3,1 = 8Tr(F1F4)Tr(F3F2), (5.6)
E
(1)
3,2 = 8Tr(F1F3F2F4), E
(2)
3,2 = 8Tr(F1F2F3F4), E
(3)
3,2 = 8Tr(F1F3F4F2),
ES ' −6F ab1 ∂aFµν2 ∂bF νρ3 F ρµ4 |Z2×Z2
= 6
(
−F ab1 ∂aFµν2 ∂bF νρ3 F ρµ4 − F ab2 ∂aFµν1 ∂bF νρ4 F ρµ3 − F ab3 ∂aFµν4 ∂bF νρ1 F ρµ2 − F ab4 ∂aFµν3 ∂bF νρ2 F ρµ1
)
.
The superscript (i) label the three states of the representation 3. Note that every state in E3,1 and
E3,2 is automatically Z2×Z2 invariant while the state in ES requires explicit Z2×Z2 symmetrization.
D = 4
In D = 4 these generators have relations,
( ∑
i=1,2,3
1
2
FE(i)3,1(t, u)E(i)3,1
)
+
( ∑
i=1,2,3
1
2
FE(i)3,2(t, u)E(i)3,2
)
= 0. (5.7)
where the functions F are,
FE3,11 (t, u) =
1
8
(s2 + t2 + u2)f(t, u),
FE3,21 (t, u) = tuf(t, u). (5.8)
and
FE3,12 (t, u) =
9
8
stu g(t, u),
FE3,22 (t, u) = −
1
2
(2(t3 + u3)− stu) g(t, u). (5.9)
where f(t, u) and g(t, u) are arbitrary functions that are symmetric in the two arguments. These two
relations transform in 1S.
Parity odd
The parity odd module is present only for D ≤ 7. Let us start with D = 7 and work our way down.
D = 7
In D = 7 the parity odd module is generated freely by a single generator OD=7S transforming in 1S.
OD=7S = ∗(A1 ∧ F2 ∧ F3 ∧ F4). (5.10)
It is automatically Z2 × Z2 invariant.
5Here, Fµνi should be taken to mean k
µ
i 
ν
i − kνi µi and trace is take in the space of Lorentz indices.
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D = 6
In D = 6 the parity odd module is generated freely by a single generator OD=6A transforming in 1A.
OD=6A = F
ab
1 ∗ (∂aF2 ∧ ∂bF3 ∧ F4)|Z2×Z2 . (5.11)
The resulting S-matrix is not automatically Z2 × Z2 symmetric but needs a projection onto Z2 × Z2
symmetric state.
D = 5
There is no parity odd quasi-invariant module for D = 5.
D = 4
The parity odd module for D = 4 is the most complicated. It is generated by OD=43 which transforms
in 3 and OD=4S which transforms in 1S.
O
D=4,(1)
3 ≡ 2 ∗ (F1 ∧ F2)Tr(F3F4)|Z2×Z2 = 4 ∗ (F1 ∧ F2)Tr(F3F4) + 4 ∗ (F3 ∧ F4)Tr(F1F2),
OD=4S ≡ 6εµνρσFµν1 ∂ρF ab2 ∂σF bc3 F ca4 |Z2×Z2 = 6
(
εµνρσF
µν
1 ∂
ρF ab2 ∂
σF bc3 F
ca
4 + εµνρσF
µν
2 ∂
ρF ab1 ∂
σF bc4 F
ca
3
+ εµνρσF
µν
3 ∂
ρF ab4 ∂
σF bc1 F
ca
2 + εµνρσF
µν
4 ∂
ρF ab3 ∂
σF bc2 F
ca
1
)
.
Note that neither of these generators is automatically Z2 × Z2 invariant and requires a projection.
The generator OD=43 enjoys a relation.∑
i=1,2,3
1
2
FO(i)3 (t, u)O(i)3 = 0. (5.12)
where the functions F are
FO31 (t, u) = 2tuf(t, u) or FO32 (t, u) = (2(t3 + u3) + (t+ u)tu)g(t, u). (5.13)
where f(t, u) and g(t, u) are arbitrary functions that are symmetric in the two arguments. Both these
relations transform in 1S.
In summary, we tabulate the S3 representation and the derivative order of generators as well as
relations in table 9.
5.1.3 Tensor product
Now that we understand the photon module (detailed in section 5.1.2) and the quasi-invariant structure
(detailed in section 5.1.1), we can straightforwardly constructMinv which is a part of the gluon module
by taking their tensor product. We will not carry this out explicitly in all dimensions but rather
illustrate the procedure for the case of D ≥ 8 and for G = SO(N) and G = SU(N).
For SO(N) for N ≥ 9, the photon module is freely generated by, E3,1, E3,2 at 4 derivatives and ES
at 6 derivatives, given in equation (5.6). The color structures are χ3,1 and χ3,2, given in equation (5.1).
To compute their tensor product, we would need to understand the decomposition of 3 ⊗ 3. Instead
of decomposing this tensor product in irreducible representation, it is more intuitive to understand it
as 3⊗3 = 2 ·3+3A (using Clebsch-Gordan rules (A.3) and (A.4)). The states on the right-hand side
are constructed explicitly as follows.
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Parity even nS nM nA
D ≥ 5 24∂ + 16∂ 24∂ 0
D = 4 24∂ + 16∂ − 18∂ − 110∂ 24∂ 0
Parity odd nS nM nA
D ≥ 8 0 0 0
D = 7 13∂ 0 0
D = 6 0 0 16∂
D = 5 0 0 0
D = 4 14∂ + 16∂ − 18∂ − 110∂ 14∂ 0
Table 9: The counting of generators and relations for the quasi-invariant local photon module.
The relations are counted with negative sign. The subscript ∂ indicates the derivative order of the
generators/relations.
Consider the tensor product of |e(i)〉 ∈ 3 and |f (i)〉 ∈ 3. The three representations on the right
hand side of the product are
|e(1)f (1)〉, . . .
|e(1)(f (2) + f (3))〉, . . .
|e(1)(f (2) − f (3))〉, . . . (5.14)
The first two representations transform as 3 and the last one is a 3A.
Getting back to the problem at hand, we need to compute the tensor product, (3 ⊕ 3)photon ⊗
(3⊕ 3)scalar at 4 derivatives and (1S)photon⊗ (3⊕ 3)scalar at 6 derivatives. The second tensor product
is trivial (1S)photon ⊗ (3⊕ 3)scalar = 2 · 3. The first one is computed using the above conventions. We
get (3⊕ 3)photon ⊗ (3⊕ 3)scalar = 8 · 3+ 4 · 3A. All in all, we get 10 · 3⊕ 4 · 3A.
Explicitly, for SO(N) for N ≥ 9, the following Lagrangians give rise to these generators,
G1SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr
(
T eT f
)
Tr
(
T gT h
) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G2SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
Tr (T eT g) Tr
(
T hT f
)
+ Tr
(
T eT h
)
Tr
(
T fT g
))(
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G3SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
Tr (T eT g) Tr
(
T hT f
)
− Tr
(
T eT h
)
Tr
(
T fT g
)) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G4SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
Tr
(
T eT gT fT h
)
+ Tr
(
T eT hT fT g
)) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G5SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr({T e, T f}{T g, T h})
(
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
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G6SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr(
[
T e, T f
] [
T g, T h
]
)
(
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G7SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr
(
T eT f
)
Tr
(
T gT h
) (
∂µb∂νcF
e
ij∂
µbF gjkF
f
kl∂
νcF hli
)
G8SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
Tr (T eT g) Tr
(
T hT f
)
+ Tr
(
T eT h
)
Tr
(
T fT g
))(
∂µb∂νcF
e
ij∂
µbF fjkF
g
kl∂
νcF hli
)
G9SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
Tr (T eT g) Tr
(
T hT f
)
− Tr
(
T eT h
)
Tr
(
T fT g
))(
∂µb∂νcF
e
ij∂
µbF fjkF
g
kl∂
νcF hli
)
G10SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
Tr
(
T eT fT gT h
)
+ Tr
(
T eT hT gT f
)) (
∂µb∂νcF
e
ij∂
µbF fjkF
g
kl∂
νcF hli
)
G11SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr({T e, T g}{T h, T f})
(
∂µb∂νcF
e
ij∂
µbF fjkF
g
kl∂
νcF hli
)
G12SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr([T e, T g]
[
T h, T f
]
)
(
∂µb∂νcF
e
ij∂
µbF fjkF
g
kl∂
νcF hli
)
G13SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr
(
T eT f
)
Tr
(
T gT h
) (
∂µb∂νcF
e
αβ∂αF
f
jk∂
µb∂βF
g
kl∂
νcF hlj
)
G14SO(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr({T e, T f}{T g, T h})
(
∂µb∂νcF
e
αβ∂αF
f
jk∂
µb∂βF
g
kl∂
νcF hlj
)
. (5.15)
Here T a are the SO(N) generators. Among these Lagrangians G3,6,9,12SO(N) give rise to quasi-invariant
generators transforming in 3A and the rest give rise to 3. The results forMinv generators for SO(N <
9) and D ≥ 8 are presented in appendix D.1.
For SU(N) (N ≥ 4), the color structures are ξ3,1 and ξ3,2, given in equation (5.4). In their
tensor product, we get (3 ⊕ 3)photon ⊗ (3 ⊕ 3)scalar = 8 · 3 + 4 · 3A generators at 4 derivatives and
(1S)photon ⊗ (3⊕ 3)scalar = 2 · 3 generators at 6 derivatives. This counting is the same as that for the
case of SO(N ≥ 9). The explicit Lagrangians that give rise to these generators are also the same ones
as those for SO(N ≥ 9) given in equation (5.15). We simply need to interpret T a’s as generators of
SU(N). We present the explicit Minv for SU(N < 4), D ≥ 8 gluon modules in appendix D.2.
We encode the S3 representation and the derivative order of the gluon generators by specifying
the triplet (nS, nM, nA) = (84∂ + 26∂ , 124∂ + 26∂ , 44∂). The counting of gluon generators of Minv for
other gauge groups is along with their S3 representation and the derivative order are tabulated in
table 10. For simplicity, we have only done this for D ≥ 8. Similar tabulation can also be done for
D < 8 by taking the tensor product of appropriate generators in table 9 with the quasi-invariant color
structures in table 1. Alternatively, one can encode the S3 representations and the derivatives of the
Minv generators into a partition function. We have done that for all cases, including D < 8, and have
identified their contribution to tables 4, 5, 6, 7 and 8. The remaining contribution is underlined and
is attributed to Mnon−inv.
Now we will construct generators of Mnon−inv. We will confirm its construction by matching the
partition function over it with the underlined part of the tables 4, 5, 6, 7 and 8.
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SO(N) nS nM nA
N ≥ 9 84∂ + 26∂ 124∂ + 26∂ 44∂
N = 8 104∂ + 36∂ 144∂ + 26∂ 44∂
N = 4 124∂ + 36∂ 184∂ + 36∂ 64∂
SU(N) nS nM nA
N ≥ 4 84∂ + 26∂ 124∂ + 26∂ 44∂
N = 3 64∂ + 16∂ 104∂ + 26∂ 44∂
N = 2 44∂ + 16∂ 64∂ + 16∂ 24∂
Table 10: The number of generators ofMinv in D ≥ 8. We have indicated the S3 representation and
the derivative order of all the generators. The counting for SO(N) with N = 7, 6, 5 is the same as
that for N ≥ 9.
5.2 Mnon−inv
This part of the gluon module comes from the tensor product of non-quasi-invariant generators of
photons and non-quasi-invariant color structures. In section 5.1, when we explicitly listed the quasi-
invariant generators and quasi-invariant color structures, we kept track of whether the generator/color-
structure is automatically Z2 × Z2 invariant or it needs to be Z2 × Z2 symmetrized by hand. The
non-quasi-invariant structures are obtained from the later type by projecting onto states with charge,
say (+−−) under Z2×Z2 rather than onto states with charge (+ + +). Moreover, for the state with
charge (+ − −) we will also look at the charge under P12 to deduce whether the state belongs to 3
or 3A of S3. However, there may be non-quasi-invariant states that can not be constructed using the
above strategy. The analysis of such states is done case by case below. As in section 5.1 we will first
focus on scalars and then on photons.
5.2.1 Non-quasi-invariant color structures
In this subsection we will list all the quasi-invariant color structures for SO(N) and SU(N). Their
number is matched against the results of the tables 2.
SO(N)
N ≥ 7
For N ≥ 7, we do not find any non-quasi-invariant structures.
N = 6
We do find a non-quasi-invariant color structure for SO(6). It is convenient to describe it using
SO(6) = SU(4) language. We will do so shortly.
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N = 4
For SO(4), the additional color structure χ
SO(4)
3 is not automatically Z2×Z2 symmetric and requires
explicit symmetrization. Projecting on the state with charge (+−−) instead,
χ˜SO(4),(1) = Φ1 ∧ Φ2Tr(Φ3Φ4)|(+−−) = Φ1 ∧ Φ2Tr(Φ3Φ4) + Φ2 ∧ Φ1Tr(Φ4Φ3)
− Φ3 ∧ Φ4Tr(Φ1Φ2)− Φ4 ∧ Φ3Tr(Φ2Φ1). (5.16)
This structure is symmetric under P12 hence transforms as 3. We denote it as χ˜
SO(4)
3 .
The counting of the non-quasi-invariant structures for G = SO(N) indeed matches with the
counting in table 2.
SU(N)
N ≥ 3
For N ≥ 3, among the two quasi-invariant color structures, ξ3,2 requires explicit Z2×Z2 symmetriza-
tion. Projecting onto the state with (+−−) charge instead,
ξ˜
(1)
3A
= Tr(Φ1Φ2Φ3Φ4)|(+−−) = Tr(Φ1Φ2Φ3Φ4) + Tr(Φ2Φ1Φ4Φ3)
−Tr(Φ3Φ4Φ1Φ2)− Tr(Φ4Φ3Φ2Φ1). (5.17)
This state is anti-symmetric under P12 hence transforms as 3A. We denote it as ξ˜3A .
N = 2
The only quasi-invariant structure ξ3,1 is automatically Z2 × Z2 invariant. Hence, there is no non-
quasi-invariant structure.
The counting of the quasi-invariant structures for G = SU(N) indeed matches with the counting
in table 2.
5.2.2 Non-quasi-invariant photon structures
In this section, we will construct the non-quasi-invariant photon structures first for the parity even
case and then for the parity odd case. The strategy of constructing them from quasi-invariants will
not always work. As we will see, there will be new parity odd non-quasi-invariant states in lower
dimensions.
Parity even
D ≥ 4
In D ≥ 5, the parity even generators E3,1, E3,2 are automatically quasi-invariant but ES requires
explicit symmetrization. In order to get the non-quasi-invariant structure we will project the non-
projected S-matrix of ES onto state with (+−−) charge.
E˜(1) ' −6F ab1 ∂aFµν2 ∂bF νρ3 F ρµ4 |(+−−)
= 6
(
−F ab1 ∂aFµν2 ∂bF νρ3 F ρµ4 − F ab2 ∂aFµν1 ∂bF νρ4 F ρµ3 + F ab3 ∂aFµν4 ∂bF νρ1 F ρµ2 + F ab4 ∂aFµν3 ∂bF νρ2 F ρµ1
)
.
(5.18)
We observe that this structure is symmetric under P12. This means (E˜
(1), E˜(2), E˜(3)) form represen-
tation 3 of S3. We denote this as E˜3.
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D = 4
In D = 4, the quasi-invariant generators E3,1, E3,2 obey a relation. The generator ES is not part of
this relation, hence the term (5.18) is a non-quasi-invariant transforming in 3 even in D = 4.
Parity odd
There is no parity odd module in D ≥ 8.
D = 7
There is a single parity odd generator in D = 7, OD=7S .
OD=7S = CS7 = ∗ (A1 ∧ F2 ∧ F3 ∧ F4) (5.19)
It is automatically Z2 × Z2 invariant. Hence, while it contributes to the quasi-invariant structures, it
does not contribute to the non-quasi-invariant structures.
D = 6
In D = 6, we encountered a single quasi-invariant generator transforming in 1A,
OD=6A = F
ab
1 ∗ (∂aF2 ∧ ∂bF3 ∧ F4) (5.20)
This state requires explicit Z2×Z2 symmetrization. Projecting onto state with (+−−) charge instead
we get,
O˜
′D=6,(1) = F ab1 ∗ (∂aF2 ∧ ∂bF3 ∧ F4) + F ab2 ∗ (∂aF1 ∧ ∂bF4 ∧ F3)
− F ab3 ∗ (∂aF4 ∧ ∂bF1 ∧ F2)− F ab4 ∗ (∂aF3 ∧ ∂bF2 ∧ F1) (5.21)
This is a non-quasi-invariant S-matrix transforming as 3A. Interestingly, it turns out that this is not
the most basic non-quasi-invariant S-matrix. We discuss this below.
Consider the S-matrix,
abcdefF ab1 F
eα
2 F
αf
3 F
cd
4 . (5.22)
It is not Z2 × Z2 symmetric. What is more is that it vanishes under Z2 × Z2 symmetrization so
it does not contribute to the quasi-invariant module. However its projection onto (+ − −) state is
non-vanishing. We get,
O˜D=6,(1) = abcdefF ab1 F
eα
2 F
αf
3 F
cd
4 + 
abcdefF ab2 F
eα
1 F
αf
4 F
cd
3 . (5.23)
It can be checked easily that O˜
′D=6,(1) = (s/2)O˜D=6,(1). This means that the most basic non-quasi-
invariant structure is O˜D=6,(i) and not O˜
′D=6,(i). It transforms as 3A.
D = 5
In D = 5 there is no quasi-invariant parity odd module. However the non-quasi-invariant modules do
exist as we spell out below.
Consider the S-matrices
abcdeF 1abF
2
cd∂eF
3
αβF
4
αβ, abcde∂βF
1
abF
2
cdF
3
eαF
4
αβ. (5.24)
Both these vanish under Z2 × Z2 symmetrization but survive the projection onto (+−−) state. The
S3 orbit of the first S-matrix is 6 dimensional and decomposes as 3⊕ (3A) while the S3 representation
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of the second S-matrix transforms in 3A. All in all there are 3⊕ 2 · 3A non-quasi-invariant structures
in D = 5, all of them at five derivatives. They are given below:
O˜
D=5,(1)
3 =
(
abcdeF 1abF
3
cd∂
2
eF
2
αβF
4
αβ + 
abcdeF 1abF
4
cd∂
2
eF
2
αβF
3
αβ
)
|(+−−),
O˜
D=5,(1)
3A,2
=
(
abcdeF 1abF
3
cd∂
2
eF
2
αβF
4
αβ − abcdeF 1abF 4cd∂2eF 2αβF 3αβ
)
|(+−−),
O˜
D=5,(1)
3A,1
=
(
abcde∂
1
βF
1
abF
3
cdF
2
eαF
4
αβ + abcde∂
2
βF
2
abF
4
cdF
1
eαF
3
αβ
) |(+−−). (5.25)
Existence of these structures can be anticipated using the so called “bare module” generators given
in appendix D.1 of [1] as described in the footnote.6
D = 4
The parity odd module generators OD=43 and O
D=4
S both need explicit Z2 × Z2 symmetrization.
Projecting instead on the state with (+−−) charge,
O˜
D=4,(1)
1 ≡ 2 ∗ (F1 ∧ F2)Tr(F3F4)|(+−−) = 4 ∗ (F1 ∧ F2)Tr(F3F4)− 4 ∗ (F3 ∧ F4)Tr(F1F2),
O˜
D=4,(1)
2 ≡ 6εµνρσFµν1 ∂ρF ab2 ∂σF bc3 F ca4 |(+−−) = 6
(
εµνρσF
µν
1 ∂
ρF ab2 ∂
σF bc3 F
ca
4 + εµνρσF
µν
2 ∂
ρF ab1 ∂
σF bc4 F
ca
3
− εµνρσFµν3 ∂ρF ab4 ∂σF bc1 F ca2 − εµνρσFµν4 ∂ρF ab3 ∂σF bc2 F ca1
)
.
Here the first structure comes from OD=43 and the second comes from O
D=4
S . Both are symmetric
under P12, hence transform as 3. We denote these structures as O˜
D=4
3,1 and O˜
D=4
3,2 . In summary, while
the parity even quasi non-invariant generator remains unchanged (see (5.18)), in D = 4 there are are
two parity odd quasi invariant photon modules at fourth order in derivatives and they transform in 3.
In summary, we tabulate the S3 representation and the derivative order of non-quasi-invariant
structures in table 11.
5.2.3 Tensor product and projection
We construct the submodule Mnon−inv of gluon module by taking the tensor product of non-quasi-
invariant photon structures (detailed in section 5.2.2) and non-quasi-invariant color structures (detailed
in section 5.2.1) and projecting onto Z2 × Z2 invariant states. We will not do this explicitly for all
dimensions and for all gauge groups but rather illustrate the procedure for the case of D ≥ 7 and
gauge group SU(N) for N ≥ 3. In this case, we have the photon structures E˜3 (see (5.18)) and color
structure ξ˜3A (see (5.17)). Projecting the tensor product onto Z2×Z2 invariants, we get three states,
(E˜
(1)
3 ξ˜
(1)
3A
, E˜
(2)
3 ξ˜
(2)
3A
, E˜
(3)
3 ξ˜
(3)
3A
). (5.28)
6 The bare parity odd non-quasi-invariant S-matrices are(
ε˜2µν
⊥
1
µ⊥3
να2α4
)
|(+−−),
(
ε˜2µν
⊥
1
µ⊥3
ν
)(
⊥2 .
⊥
4
)
|(+−−). (5.26)
The S3 orbit of the first S-matrix is 6 dimensional and decomposes as 3⊕ (3A) while the S3 representation of the second
S-matrix transforms in 3A. Explicitly,
o˜
D=5,(1)
3 =
(
ε˜2µν
⊥
1
µ⊥3
να2α4 − ε˜2µν⊥1 µ⊥4 να2α3
)
|(+−−),
o˜
D=5,(1)
3A,2
=
(
ε˜2µν
⊥
1
µ⊥3
να2α4 + ε˜
2
µν
⊥
1
µ⊥4
να2α3
)
|(+−−)
o˜
D=5,(1)
3A,1
=
(
ε˜2µν
⊥
1
µ⊥3
ν
)(
⊥2 .
⊥
4
)
+
(
ε˜2µν
⊥
2
µ⊥4
ν
)(
⊥1 .
⊥
3
)
. (5.27)
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Parity even n3 n3A
D ≥ 4 16∂ 0
Parity odd n3 n3A
D ≥ 7 0 0
D = 6 0 14∂
D = 5 15∂ 25∂
D = 4 14∂ + 16∂ 0
Table 11: The counting of non-quasi-invariant photon structures along with their S3 representation
and derivative order. The counting for D = 5 is the same as that for D ≥ 7.
SO(N) N ≥ 7 N = 6 N = 4
D ≥ 7 (0,0) (0,16∂) (16∂ ,0)
D = 6 (0,0) (14∂ ,16∂) (16∂ ,14∂)
D = 5 (0,0) (25∂ ,16∂ + 15∂) (16∂ + 15∂ ,25∂)
D = 4 (0,0) (0,14∂ + 26∂) (14∂ + 26∂ ,0)
SU(N) N ≥ 3 N = 2
D ≥ 7 (16∂ ,0) (0,0)
D = 6 (14∂ ,16∂) (0,0)
D = 5 (25∂ ,16∂ + 15∂) (0,0)
D = 4 (0,14∂ + 26∂) (0,0)
Table 12: The number of generators (n3, n3A) of Mnon−inv along with their S3 representation and
the derivative order.
As the P12 charge of E˜
(1)
3 is +1 and that of ξ˜
(1)
3A
is −1, the P12 charge of their product is −1. This
makes the above quasi-invariant generators transform in representation 3A of S3. More explicitly this
module is generated by the following Lagrangian,
H1SU(N) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
Tr({T e, T f}[T g, T h])
(
∂µb∂νcF
e
αβ∂αF
f
jk∂
µb∂βF
g
kl∂
νcF hlj
−∂µb∂νcF fαβ∂αF ejk∂µb∂βF gkl∂νcF hlj
)
. (5.29)
We present the explicit generators of Mnon−inv for SO(N < 9) and SU(N < 4) D ≥ 8 in appendix
D.1 and D.2.
Finally, the partition function results about the generators of the Mnon−inv for all the cases,
including D < 8, are tabulated in table 12. We have encoded the S3 representation and the derivative
order of the gluon generators ofMnon−inv by specifying the pair (n3, n3A) = (0, 16∂). The contribution
of the Mnon−inv precisely matches with the underlined part of tables 4, 5, 6, 7 and 8. This confirms
that our counting of gluon Lagrangians is complete.
5.3 Yang Mills gluon amplitude
As a check of our basis for gluon structures, we express the four gluon amplitude in terms of our
structures. The four gluon amplitude from pure yang mills is given by [10],
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iAtree4 = g2
(nscs
s
+
ntct
t
+
nucu
u
)
(5.30)
where
ns = −1
2
{[(ε1.ε2)pµ1 + 2(ε1.p2)εµ2 − (1↔ 2)] [(ε3.ε4)p3µ + 2(ε3.p4)ε4µ − (3↔ 4)]
+s [(ε1.ε3)(ε2.ε4)− (ε1.ε4)(ε2.ε3)]}
cs = −2fa1a2bf ba3a4 , cunu = csns|1→2→3→1, ctnt = csns|1→3→2→1 (5.31)
The stu descendant of this S-matrix arises from the following Lagrangian with Gi defined in equation
(5.15).
stuAtree4 ∝
((
G4SU(N) −
G5SU(N)
2
−
G6SU(N)
2
)
− 4
(
G10SU(N) −
G11SU(N)
2
−
G12SU(N)
2
))
|m=1,n=0.(5.32)
6 Summary and outlook
We have classified four-point local gluon S-matrices in arbitrary number of dimensions and for gauge
group SO(N) and SU(N). Our method is general and can be applied in the straightforward way
to other gauge groups as well. As explained in [1], the four-point local S-matrices are in one to one
correspondence with Lagrangian terms that are quartic in corresponding fields module total derivatives
and equation of motion. So, in effect, the classification of four-point S-matrices is equivalent to
classification of equivalence classes of quartic Lagrangians. Our classification follows the same strategy
as [1] where four-point photon and graviton S-matrices were classified. In particular we identify the
generators (and also relations, in case there are any) of the module Mgluon of quasi-invariant7 local
S-matrices.
We have used the fact that the gluon S-matrix admits a type of “factorization” into the S-matrix
of adjoint scalars and that of photons. More precisely,
Mgluon =Minv ⊕Mnon−inv, where Minv =Mscalar ⊗Mphoton. (6.1)
The submodule Mnon−inv is a projection of the tensor product of the scalar and photon part. Our
classification is done by identifying all the individual scalar and photon components involved in equa-
tion (6.1). This construction is spelled out in detail in section 5. For the case of D ≥ 8 and for
SO(N > 9), SU(N > 3), the explicit Lagrangians generating the gluon S-matrices are given in equa-
tion (5.15). Moreover, we define a partition function over the space of local S-matrices
Z(x) = Trx∂ (6.2)
where ∂ is the derivative order. We have tabulated the partition functions in all the dimensions and
for all SO(N), SU(N) gauge groups in tables 4, 5, 6, 7 and 8.
In past few years, starting with the works [11–13], the gluon scattering has been used to com-
pute graviton scattering amplitude. The relation between the two amplitudes goes by the name
color/kinematic duality or the double copy relation or the BCJ relation. This relation is a generaliza-
tion of the relation between the gluon scattering and graviton scattering in string theory discovered
7i.e. invariant under only Z2 × Z2 subgroup of the permutation group S4.
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in mid-80s [14], the so-called KLT relation. In spirit, these relations follow due to a kind of factor-
ization of the gluon S-matrix into the S-matrix of adjoint scalars and that of photons. The scalar
S-matrix keeps track of the color structure while the photon S-matrix keeps track of the polarizations
and momenta. The BCJ relation proposes replacing the scalar part i.e. color structure in the gluon
S-matrix in Yang-Mills theory by another copy of the photon part i.e. the kinematic structure to
obtain graviton S-matrix in Einstein gravity. In our classification also, the factorized structure i.e.
equation (6.1) plays an important role. It is tempting to guess that it may lead to a generalization of
the BCJ relation between gauge theories different from Yang-Mills and gravitational theories different
from Einstein gravity.
The index structures of the gluon S-matrices that we have classified also serves as the classification
for index structures of four-point function of non-abelian currents in conformal field theory. These
structures have been studied in [3, 15, 16]. In the same way, the local scalar S-matrices give rise
to the so called “truncated solutions”8 of the conformal crossing equation [17], we expect the gluon
S-matrices to parametrize the truncated solutions for the crossing equation of non-abelian currents.
It would be nice to explore this possibility further. Finally, it would be interesting to classify higher
point scattering of gluons and study the interplay of the index structures with the BCFW recursion
relation [18].
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A Symmetric group S3 and its representations
The symmetric group S3 is the group of symmetries of an equilateral triangle. It consists of rotating
the triangle by 2pi/3 which generates the subgroup Z3 and also of the reflection across the central
axis, this generates the subgroup Z2. The two subgroups Z3 and Z2 don’t commute. However, Z3 is
a normal subgroup which makes S3 a semi-direct product Z3 n Z2.
In order to construct irreducible representations of S3, we first diagonalize Z2. The irrep is
then labeled by the Z2 eigenvalue +1 or −1 and it is an irrep of Z3. Consider the N dimensional
representation of ZN where ZN acts by cyclic permutation. This is a reducible representation. The sum
of all the elements is an invariant under ZN action, hence N dimensional representation decomposes
as 1 ⊕ (N − 1). The N − 1 dimensional representation is the representation of N elements that get
cyclically permuted but sum to 0. In the case of S3, we can consider the natural 3 dimensional of Z3.
It is Z2 even, we denote it as 3 and if it is Z2 odd we denote it as 3A. As remarked earlier, both these
representations are reducible.
3 = 1S ⊕ 2M, 3A = 1A ⊕ 2M. (A.1)
Here 1S is a one dimensional representation that is invariant under Z3 as well as Z2 and hence
invariant under the whole S3. The subscript S stands for symmetric. The representation 1A is a one
8i.e. solutions having support over only finitely many spins
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dimensional representation that is invariant under Z3 but odd under Z2. The subscript A stands for
anti-symmetric. The only other irreducible representation is 2M. Here the subscript M stands for
mixed. In terms of standard Young diagrams, these representations are
1S = , 2M = , 1A = . (A.2)
Clebsch-Gordon rules
Clearly
1S ⊗R = R (A.3)
where R denotes any of the irreps 1S, 1A or 2M. On the other hand we have
1A ⊗ 1S = 1A, 1A ⊗ 1A = 1S, 1A ⊗ 2M = 2M. (A.4)
Finally we have
2M ⊗ 2M = 1S ⊕ 1A ⊕ 2M. (A.5)
B Projectors on the tensor product
In this section, we derive the projectors (3.9) and (3.11) of subsection 3.1. Let us denote the states
in the tensor product of four identical G-representations ρ by |α1, α2, α3, α4〉. The character of the
representation due to the anti-symmetric projector (3.9) is given by
χ∧4ρ (ai)
=
∑
α1α2α3α4
〈α1, α2, α3, α4|aHii
(
1− P12 − P23 − P13 + P23P12 + P12P23
6
)(
(1 + P12P34 + P13P24 + P14P23)
4
)
|α1, α2, α3, α4〉,
=
1
24
(
χρ(ai)
4 + 3χρ(a
2
i )
2 − 6χρ(ai)2χρ(a2i )− χρ(a4i ) + 8χρ(a3i )χρ(ai)
)
= χ∧2ρ(ai)2 − χ∧2ρ(ai)⊗ χS2ρ(ai)− χS2ρ(ai)2 − χS4ρ(ai) + 2χS3ρ(ai)⊗ χρ(ai) (B.1)
where we have used the following identities to eliminate χρ(a
4
i ), χρ(a
3
i ), and χρ(a
2
i ),
χρ(a
4
i ) = 4χS4ρ(ai)−
1
6
(
χρ(ai)
4 + 3χρ(a
2
i )
2 + 6χρ(ai)
2χρ(a
2
i ) + 8χρ(a
3
i )χρ(ai)
)
χρ(a
3
i ) = 3χS3ρ(ai)−
1
2
(
χρ(ai)
3 + 3χρ(a
2
i )χρ(ai)
)
χρ(a
2
i ) =
(
χS2ρ(ai)− χ∧2ρ(ai)
)
χρ(ai)
2 =
(
χS2ρ(ai) + χ∧2ρ(ai)
)
. (B.2)
The character of the representation due to the ρ3 projector (3.11) is given by
χρ3 (ai) =
∑
α1α2α3α4
〈α1, α2, α3, α4|aHii
(
1 + P12
2
)(
(1 + P12P34 − P13P24 − P14P23)
4
)
|α1, α2, α3, α4〉,
=
1
8
(
χρ(ai)
4 − χρ(a2i )2 + 2χρ(ai)2χρ(a2i )− 2χρ(a4i )
)
= −χS4ρ(ai) + χS3ρ(ai)⊗ χρ(ai) (B.3)
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where we have used the identities (B.2). Similarly character of the representation due to the ρ3A
projector is given by
χρ3A (ai) =
∑
α1α2α3α4
〈α1, α2, α3, α4|aHii
(
1− P12
2
)(
(1 + P12P34 − P13P24 − P14P23)
4
)
|α1, α2, α3, α4〉,
=
1
8
(
χρ(ai)
4 − χρ(a2i )2 − 2χρ(ai)2χρ(a2i ) + 2χρ(a4i )
)
= χS4ρ(ai)− χS3ρ(ai)⊗ χρ(ai) + χS2ρ(ai)⊗ χ∧2ρ(ai) (B.4)
Equation (3.5) can be verified in a similar manner.
C Plethystic integrals
In this section we provide the details to perform the plethystic integrals in section 4. The haar measure
for SO(D) is given by
dµSO(D) =
bD/2c∏
i=1
dyi ∆(yi) (C.1)
where, for even dimensions (D = 2N), the Vandermonde determinant for SO(D) is given by
∆e(yi) =
2
(∏N
j=1
(∏j−1
i=1
(
yi +
1
yi
− yj − 1yj
)))2
(2pii)N2NN !
∏N
i=1 yi
, (C.2)
and for odd dimensions (D = 2N + 1), the Vandermonde determinant is given by
∆o(yi) =
(∏N
k=1
(
1− yk − 1yk
))(∏N
j=1
(∏j−1
i=1
(
yi +
1
yi
− yj − 1yj
)))2
(2pii)NN !
∏N
i=1 yi
. (C.3)
The integral over yi in (4.4) is a closed circular contour about yi = 0.
The Haar measure for SU(N) is given by [19],
dµSU(N) =
1
(2pii)(N−1)N !
N−1∏
l=1
dzl
zl
∆(φ)∆(φ−1) (C.4)
where φa(z1, . . . zN−1)|Na=1 are the coordinates on the maximal torus of SU(N) with
∏N
l=1 φl = 1 and
∆(φ) =
∏
1≤a<b≤N (φa − φb) is the Vandermonde determinant and the integral over zi in (4.4) is a
closed circular contour about zi = 0. Explicitly written out, the coordinates on the maximal torus
take the form,
φ1 = z1, φk = z
−1
k−1zk, φN = z
−1
N−1. (C.5)
The integrals at hand, (4.4) and (4.7), therefore have two Haar integrals one of which pertains to
projecting onto Lorentz singlets, while the other is to project onto the colour singlets. We perform
the Haar integral for the Lorentz singlets first. We note that the Haar integral for the Lorentz group
stabilizes for D > 3 for scalars and D > 8 for photons. Using large D techniques of [1] we obtain, for
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scalars
∮ bD/2c∏
i=1
dyi ∆(yi) i
4
s(x, y)/D(x, y) =
1
(x2 − 1)2∮ bD/2c∏
i=1
dyi ∆(yi) i
2
s(x, y)is(x
2, y2)/D(x, y) =
1
1− x4∮ bD/2c∏
i=1
dyi ∆(yi) is(x
2, y2)2/D(x, y) =
1
(x2 − 1)2∮ bD/2c∏
i=1
dyi ∆(yi) is(x
3, y3)is(x, y)/D(x, y) =
1
(x4 + x2 + 1)∮ bD/2c∏
i=1
dyi ∆(yi) is(x
4, y4)is(x, y)/D(x, y) =
1
(1− x4) (C.6)
and for photons
∮ bD/2c∏
i=1
dyi ∆(yi) i
4
v(x, y)/D(x, y) =
2x8
(
2x2 + 3
)
(x2 − 1)2∮ bD/2c∏
i=1
dyi ∆(yi) i
2
v(x, y)iv(x
2, y2)/D(x, y) =
2x8
1− x2∮ bD/2c∏
i=1
dyi ∆(yi) is(x
2, y2)2/D(x, y) =
6x8
(x2 − 1)2∮ bD/2c∏
i=1
dyi ∆(yi) iv(x
3, y3)iv(x, y)/D(x, y) =
x10
(x4 + x2 + 1)∮ bD/2c∏
i=1
dyi ∆(yi) iv(x
4, y4) =
2x8
1− x4 . (C.7)
The integrals (4.4) and (4.7) then take the schematic form,
IDs (x) :=
∮
dµG
(
χGR(z
2)χGR(z)
2
4 (1− x4) +
χGR(z
4)
4 (1− x4) +
χGR(z)
4
24 (x2 − 1)2 +
χGR(z
2)2
8 (x2 − 1)2
+
χGR(z
3)χGR(z)
3 (x4 + x2 + 1)
)
:=
∮
dµG I
N
s (G)
IDv (x, y, z) :=
∮
dµG
(
x8χRa (z
4)
2− 2x4 +
(
x8
(
2x2 + 3
))
χRa (z)
4
12 (x2 − 1)2 +
(
3x8
)
χRa (z
2)2
4 (x2 − 1)2
+
x8χRa (z)
2χRa (z
2)
2− 2x2 +
x10χRa (z)χ
R
a (z
3)
3 (x4 + x2 + 1)
)
:=
∮
dµG I
N
v (G).
(C.8)
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C.1 SO(N)
When the colour group G is SO(N), we do the haar integral in the following manner. For N ≥ 9, we
do a large N integral following [1].
∮ bN/2c∏
i=1
dyi ∆(yi) χ
SO(N)
a (y
2)χSO(N)a (y)
2 = 2
∮ bN/2c∏
i=1
dyi ∆(yi) χ
SO(N)
a (y
4) = 2
∮ bN/2c∏
i=1
dyi ∆(yi) χ
SO(N)
a (y)
4 = 6
∮ bN/2c∏
i=1
dyi ∆(yi) χ
SO(N)
a (y
2)2 = 6
∮ bN/2c∏
i=1
dyi ∆(yi) χ
SO(N)
a (y
3)χSO(N)a (y) = 0
(C.9)
where
χSO(N)a (y) =
χSO(N)f (y)2 − χSO(N)f (y2)
2

χ
SO(N)
f (y) =
N/2∑
i=1
(
yi +
1
yi
)
for N even
=
bN/2c∑
i=1
(
yi +
1
yi
)
+ 1 for N odd. (C.10)
The final result for projection onto colour singlets become,
Ias, SO(N)(x) =
2 + 2x2 + 2x4
(1− x4)(1− x6) = 2Z3
Iav, SO(N)(x) =
2x4(4 + 7x2 + 7x4 + 3x6)
(1− x4)(1− x6) = x
4(8Z3 + 4Z3A + 2x
2Z3).
(C.11)
For N ≤ 8, we resort to numerical integration. We do not expound the details. Interested readers
may consult Appendix H.2 of [1] for details on how to perform the numerical integration. The results
for the numerical integration are recorded in table 3 for scalars and table 4 for gluons. Note that the
relevant Lorentz haar integrals for D < 8 (in tables 5, 6, 7, 8) have been done numerically in a similar
manner.
C.2 SU(N)
For SU(N) the Haar integral stabilises for N ≥ 4. We verify this from an explicit large N computation
of the plethystic integral (C.8). We consider the case when fields are charged under the adjoint
representation of SU(N). For N < 4, we resort to numerical integration.
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C.2.1 N ≥ 4
In this subsubsection we perform the large N integral for SU(N). The Haar measure exponentiates
as follows
Π1≤a<b≤N (φa − φb) Π1≤m<p≤N
(
φ−1m − φ−1p
)
∝ Π1≤a<b≤N
(
1− φb
φa
)
Π1≤m<p≤N
(
1− φm
φp
)
∝ e−
∑
n
1
n
(∑
1≤a<b≤N
(
φb
φa
)n
+
∑
1≤m<p≤N
(
φm
φp
)n)
∝ e−
∑
n
1
n
(
χ
SU(N)
f (φ
n)χ
SU(N)
f
(φn)−1
)
∝ e−
∑
n
1
n(TrU
nTrU−n−1)
∝ e−
∑
n
1
n
χ
SU(N)
a (φ
n) (C.12)
where U is an N ×N diagonal matrix
U ∼

φ1 0 0 · · · 0
0 φ2 0 · · · 0
0 0 φ3 · · · 0
· · · · · · · · · · · · · · ·
0 0 · · · · · · φN

and we have used the definition of the character of the fundamental and anti-fundamental represen-
tation
χ
SU(N)
f (φ) =
N∑
i=1
φi, χ
SU(N)
f
(θ) =
N∑
i=1
φ−1i
χSU(N)a (φ) = χ
SU(N)
f (φ)χ
SU(N)
f
(φ)− 1 (C.13)
In the large N limit, both TrUn and TrU−n scale as O(N). We, therefore, work with order unity
variables ρn given by
TrUn = Nρn, TrU
−n = Nρ†n (C.14)
The haar integral (C.8) becomes,
IDs (x) =
∫ DρnDρ†n e− 1nN2|ρn|2INs (ρn)∫ DρnDρ†n e− 1nN2|ρn|2 (C.15)
where the integrand INs (ρn) in the large N limit scales as ,
INs (ρn) =
(
χ
SU(N)
a (φ2)χ
SU(N)
a (φ)2
4 (1− x4) +
χ
SU(N)
a (φ4)
4 (1− x4) +
χ
SU(N)
a (φ)4
24 (x2 − 1)2 +
χ
SU(N)
a (φ2)2
8 (x2 − 1)2 +
χ
SU(N)
a (φ3)χ
SU(N)
a (φ)
3 (x4 + x2 + 1)
)
=
(
(N2|ρ2|2 − 1)(N2|ρ1|2 − 1)2
4 (1− x4) +
(N2|ρ4|2 − 1)
4 (1− x4) +
(N2|ρ1|2 − 1)4
24 (x2 − 1)2 +
(N2|ρ2|2 − 1)2
8 (x2 − 1)2
+
(N2|ρ1|2 − 1)(N2|ρ3|2 − 1)
3 (x4 + x2 + 1)
)
. (C.16)
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Each of the ραn integrals in (C.15) can be written in terms of a gaussian integral. For example take
the second term in (C.16)∫ DρnDρ†n e− 1nN2|ρn|2(N2|ρ4|2 − 1)∫ DρnDρ†n e− 1nN2|ρn|2 =
∫ Dρ4Dρ†4 e− 14N2|ρ4|2(N2|ρ4|2 − 1)∫ Dρ4Dρ†4 e− 14N2|ρ4|2
= 3. (C.17)
All the terms in (C.16) can be evaluated in this manner.∫ DρnDρ†n e− 1nN2|ρn|2(N2|ρ2|2 − 1)(N2|ρ1|2 − 1)2∫ DρnDρ†n e− 1nN2|ρn|2 = 1∫ DρnDρ†n e− 1nN2|ρn|2(N2|ρ4|2 − 1)∫ DρnDρ†n e− 1nN2|ρn|2 = 3∫ DρnDρ†n e− 1nN2|ρn|2(N2|ρ1|2 − 1)4∫ DρnDρ†n e− 1nN2|ρn|2 = 9∫ DρnDρ†n e− 1nN2|ρn|2(N2|ρ2|2 − 1)2∫ DρnDρ†n e− 1nN2|ρn|2 = 5∫ DρnDρ†n e− 1nN2|ρn|2(N2|ρ1|2 − 1)(N2|ρ3|2 − 1)∫ DρnDρ†n e− 1nN2|ρn|2 = 0. (C.18)
Putting (C.15), (C.16), (C.18) together we have
IDs, SU(N)(x) =
2(1 + x2 + x4)
(1− x4)(1− x6) = 2Z3
IDv, SU(N)(x) =
x4(8 + 14x2 + 15x4 + 7x6 + x8)
(1− x4)(1− x6) = x
4(8Z3 + 4Z3A + 2x
2Z3 + x
2Z3A). (C.19)
C.2.2 N < 4
For N < 4, we resort to numerical integration. As in [1], we make the change of variables
zi = e
iθi
The the contour integral over zi in (4.4) becomes an angular integral over θi ∼ (0, 2pi). The coordinates
on the maximal torus (C.5) become,
φ1 = e
iθ1 , φk = e
i(θk−θk−1), φN = e−iθN−1 (C.20)
and the Haar measure (C.4) becomes
dµSU(N) =
1
(2pi)(N−1)N !
N−1∏
l=1
dθl∆(φ)∆(φ
−1) (C.21)
The integral for projecting onto colour singlets (4.5) is modified to
Ias,SU(N)(x) :=
∫ 2pi
0
. . .
∫ 2pi
0
1
(2pi)(N−1)N !
N−1∏
l=1
dθl∆(φ)∆(φ
−1)(
χ
SU(N)
a (e2iθi)χ
SU(N)
a (eiθi)2
4 (1− x4) +
χ
SU(N)
a (e4iθi)
4 (1− x4) +
χ
SU(N)
a (eiθi)4
24 (x2 − 1)2
+
χ
SU(N)
a (e2iθi)2
8 (x2 − 1)2 +
χ
SU(N)
a (e3iθi)χ
SU(N)
a (eiθi)
3 (x4 + x2 + 1)
)
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where
χ
SU(N)
f (θ) = e
iθ1 +
N−1∑
i=2
ei(θi−θi−1) + e−iθN−1
χ
SU(N)
f
(θ) = e−iθ1 +
N−1∑
i=2
e−i(θi−θi−1) + eiθN−1
χSU(N)a (θ) = χ
SU(N)
f (θ)χ
SU(N)
f
(θ)− 1 (C.22)
In order to perform this integral, we follow [1]. Assuming that the final answer can be reproduced
as a sum over Z1S , Z2M and Z1A , we multiply the plethystic integrand by 1/D, Taylor series expand
the result in x around 0. The coefficient of every power of x in the result is an integral over θi.
We then evaluate these numerically using the Gauss-Kronrod method. As the numerical integration
procedure is very accurate and can be performed very rapidly, we are able to perform this integral up
to x15 for scalars and x30 for gluons. We thus able to verify that the polynomials in x are finite (they
terminate). The results for the numerical integration are recorded in table 3 for scalars and table 4
for gluons. Note that the relevant Lorentz haar integrals for D < 8 (in tables 5, 6, 7, 8) have been
done numerically in a similar manner.
D Explicit Gluon module for small N (D ≥ 9)
In this appendix, we list theD ≥ 8 Minv andMnon−inv gluon modules for SO(N < 9) and SU(N < 4).
D.1 SO(N)
D.1.1 N = 8
There is an extra quasi invariant colour structure for SO(8), listed in (5.2).
χ
SO(8)
S = Φ1 ∧ Φ2 ∧ Φ3 ∧ Φ4.
This structure is Z2 ⊗ Z2 symmetric and transform in 1S of S3. The tensor product of the quasi
invariant colour and photon modules therefore generates (3 ⊕ 3)photon ⊗ (1S)scalar = 2 · 3 generators
at 4 derivatives and (1S)photon ⊗ (1S)scalar = 1S generators at 6 derivatives. They are generated by
the folowing local Lagrangians.
G15SO(8) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδρσξζ T eαβT
f
γδT
g
ρσT
h
ξζ
(
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G16SO(8) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδρσξζ T eαβT
f
γδT
g
ρσT
h
ξζ
(
∂µb∂νcF
e
ij∂
µbF fjkF
g
kl∂
νcF hli
)
G17SO(8) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδρσξζ T eαβT
f
γδT
g
ρσT
h
ξζ
(
∂µb∂νcF
e
ab∂aF
f
jk∂
µb∂bF
g
kl∂
νcF hlj
)
. (D.1)
In summary for SO(8), the local modules Minv are generated by (5.15) and (D.1). The generator
content and the derivative order matches the counting presented in tables 10 and 12 for SO(8).
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D.1.2 N = 6
In this case, we have a quasi non-invariant colour module generated by the scalar Lagrangian
χ˜SO(6),(1) = εijklmnΦ
ij
1 φ
kl
3 Φ
mα
2 Φ
nα
4 |(+−−) = εijklmnΦij1 Φkl3 Φmα2 Φnα4 + εijklmnΦij2 Φkl4 Φmα1 Φnα3 . (D.2)
This transforms in a 3A of S3. Along with the quasi non-invariant photon structure (5.18), this
contributes to Mnon−inv.
E˜(1) ' −6F ab1 ∂aFµν2 ∂bF νρ3 F ρµ4 |(+−−) (D.3)
= 6
(
−F ab1 ∂aFµν2 ∂bF νρ3 F ρµ4 − F ab2 ∂aFµν1 ∂bF νρ4 F ρµ3 + F ab3 ∂aFµν4 ∂bF νρ1 F ρµ2 + F ab4 ∂aFµν3 ∂bF νρ2 F ρµ1
)
.
The tensor product of the quasi non-invariant colour and photon modules therefore generates 3A
generators at 6 derivatives. The gluon module is generated by the following Lagrangian
H1SO(6) (D.4)
=
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδρσT eαβT
f
γδT
g
ρaT
h
σa
(
∂µb∂νcF
e
ab∂aF
f
jk∂
µb∂bF
g
kl∂
νcF hlj − ∂µb∂νcF fab∂aF ejk∂µb∂bF gkl∂νcF hlj
)
.
In summary for SO(6), the local modulesMinv are generated by (5.15) and the local moduleMnon−inv
is genrated by (D.4). The generator content and the derivative order matches the counting presented
in tables 10 and 12 for SO(6).
D.1.3 N = 4
For SO(4), we have an extra quasi invariant colour module ((5.3)) and quasi non-invariant colour
module ((5.16)) compared to N ≥ 9. These are generated by
χSO(4),(1) = Φ1 ∧ Φ2Tr(Φ3Φ4)|Z2×Z2 = Φ1 ∧ Φ2Tr(Φ3Φ4) + Φ2 ∧ Φ1Tr(Φ4Φ3)
+ Φ3 ∧ Φ4Tr(Φ1Φ2) + Φ4 ∧ Φ3Tr(Φ2Φ1). (D.5)
χ˜SO(4),(1) = Φ1 ∧ Φ2Tr(Φ3Φ4)|(+−−) = Φ1 ∧ Φ2Tr(Φ3Φ4) + Φ2 ∧ Φ1Tr(Φ4Φ3)
− Φ3 ∧ Φ4Tr(Φ1Φ2)− Φ4 ∧ Φ3Tr(Φ2Φ1). (D.6)
Both the quasi invariant and the quasi non-invariant colour module transform in 3. The tensor product
of the quasi invariant colour and photon modules therefore generates (3⊕3)photon⊗3scalar = 4·3⊕2·3A
generators at 4 derivatives and (1S)photon⊗3scalar = 3 generators at 6 derivatives. They are generated
by the following local Lagrangians.
G15SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδT eαβT
f
γδTr
(
T gT h
) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G16SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
εαβγδT eαβT
g
γδTr
(
T hT f
)
+ εαβγδT eαβT
h
γδTr
(
T fT g
))(
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G17SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
εαβγδT eαβT
g
γδTr
(
T hT f
)
− εαβγδT eαβT hγδTr
(
T fT g
)) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G18SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδT eαβT
f
γδTr
(
T gT h
) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
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G19SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
εαβγδT eαβT
g
γδTr
(
T hT f
)
+ εαβγδT eαβT
h
γδTr
(
T fT g
))(
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G20SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
(
εαβγδT eαβT
g
γδTr
(
T hT f
)
− εαβγδT eαβT hγδTr
(
T fT g
)) (
∂µb∂νcF
e
ijF
f
ji
)(
∂µbF gkl∂
νcF hlk
)
G21SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδT eαβT
f
γδTr
(
T gT h
)
(
∂µb∂νcF
e
ab∂aF
f
jk∂
µb∂bF
g
kl∂
νcF hlj + ∂µb∂νcF
g
ab∂aF
h
jk∂
µb∂bF
e
kl∂
νcF flj
)
. (D.7)
The tensor product of the quasi non-invariant colour and photon modules generates a 3 at 4 derivatives.
It is generated by the local Lagrangian,
H1SO(4) =
∑
m,n
am,n
m∏
b=1
n∏
c=1
εαβγδT eαβT
f
γδTr
(
T gT h
)
(
∂µb∂νcF
e
ab∂aF
f
jk∂
µb∂bF
g
kl∂
νcF hlj − ∂µb∂νcF gab∂aF hjk∂µb∂bF ekl∂νcF flj
)
. (D.8)
In summary for SO(4), the local modulesMinv are generated by (5.15) and (D.7), while the local
module Mnon−inv is generated by (D.8). The generator content and the derivative order matches the
counting presented in tables 10 and 12 for SO(4).
D.2 SU(N)
D.2.1 N = 3
For SU(3), there are a reduction in the number of generators. Using the identity listed in (5.5), we
can immediately see that the following relations between the Z2⊗Z2 symmetric local module coming
from the following Lagrangian structures
G1SU(3) +G
2
SU(3) −
1
3
(
G4SU(3)
4
+G5SU(3)
)
|Z2⊗Z2 = 0
G7SU(3) +G
8
SU(3) −
1
3
(
G10SU(3)
4
+G11SU(3)
)
|Z2⊗Z2 = 0. (D.9)
This implies we can eliminate the two Lagrangian structures, G1SU(3) and G
7
SU(3), transforming in 3
of S3. We also note that using the identity we can relate the singlet of the module generator from
the Lagrangian G13SU(3) and G
14
SU(3) . If the module generated by G
13
SU(3) and G
14
SU(3) be J
(i)
1 and J
(i)
2
respectively, ∑
i=1,2,3
1
3
J
(i)
1 + J
(i)
2 = 0 (D.10)
In summary, the local module Minv for N = 3 continue to be generated by (5.15) except G1SU(3) and
G7SU(3) and with the relations (D.10) between the modules generated by G
13
SU(3) and G
14
SU(3). Mnon−inv
continues to be generated by (5.29). The generator content and the derivative order matches the
counting presented in tables 10 and 12 for SU(3).
D.2.2 N = 2
For N = 2, the only quasi invariant colour module that contributes is ξ3,1. The resulting local modules
are only of the typeMinv .They are generated by (5.15) except G4,5,6,10,11,12,14SO(N) . The generator content
and the derivative order matches the counting presented in tables 10 and 12 for SU(2).
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